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Abstract
We prove that if Cp(X) is a Lindelöf Σ-space, then Cp,2n+1(X) is a Lindelöf Σ-space for every
natural n. As a consequence, it is established that υCpCp(X) has the Lindelöf Σ-property. This
answers Problem 47 of Arhangel’skiı˘ (Recent Progress in General Topology, Elsevier Science, 1992).
Another consequence is that only the following distribution of the Lindelöf Σ-property is possible
in iterated function spaces: (1) Cp,n+1(X) is a Lindelöf Σ-space for every n ∈ ω; (2) Cp,n+1(X) is
a Lindelöf Σ-space only for odd n ∈ ω; (3) Cp,n+1(X) is a Lindelöf Σ-space only for even n ∈ ω;
(4) for any n ∈ ω the space Cp,n+1(X) is not a Lindelöf Σ-space.
As an application of the developed technique, we prove that, if X is a Tychonoff space such that
ω1 is a caliber for X and Cp(X) is a Lindelöf Σ-space, then X has a countable network. This settles
Problem 69 of Arhangel’skiı˘ (Recent Progress in General Topology, Elsevier Science, 1992). Ó 2000
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0. Introduction
A fundamental theorem of Arhangel’skiı˘ [2, Theorem I.1.3] states that the network
weight of any Tychonoff space X is equal to the network weight of Cp(X), which
is the set of real-valued continuous functions on X endowed with the pointwise
convergence topology. An immediate consequence is that the network weights of the spaces
Cp(Cp(X)), Cp(Cp(Cp(X))) and so on, equal the network weight of X. Let Cp,0(X)=X
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and Cp,n+1(X) = Cp(Cp,n(X)) for each natural n. Then the network weight of X is
countable if and only if the network weight of every (or some) Cp,n(X) is countable.
This motivated Arhangel’skiı˘ to ask whether there exist Tychonoff spaces X of uncoun-
table network weight such that all Cp,n(X) are Lindelöf Σ-spaces (see [2, Chapter IV,
§9]). Recall that a space X is called a Lindelöf Σ-space if it is a continuous image of a
space Y that maps perfectly onto a second countable space.
The first one to give a positive answer was Sipacheva [10]. She established that Cp,n(X)
is a Lindelöf Σ-space for any n if X is an Eberlein compact space. Okunev proved [5]
that if X and Cp(X) are Lindelöf Σ-spaces, then Cp,n(X) is a Lindelöf Σ-space for each
n ∈ ω. Shortly thereafter it was proved [6] that, if Cp(X) is a Lindelöf Σ-space, then
υX is a Lindelöf Σ-space (here υX is the Hewitt realcompactification of the space X),
while X (and hence Cp(Cp(X))) may fail to be a LindelöfΣ-space. The question whether
υ(CpCp(X)) is a Lindelöf Σ-space when Cp(X) is a Lindelöf Σ-space is formulated
in [1] as Problem 47.
We prove that, if Cp(X) is a Lindelöf Σ-space, then Cp,2n+1(X) is a Lindelöf Σ-space
for every natural n. It is easy to deduce from this result that the answer to the mentioned
problem of Arhangel’skiı˘ is positive.
We also give a complete description of all possible distributions of the Lindelöf Σ-
property in the spaces Cp,n(X). It turns out that only the following cases can occur:
(1) Cp,n+1(X) is a LindelöfΣ-space for every n ∈ ω;
(2) Cp,n+1(X) is a LindelöfΣ-space only for odd n ∈ ω;
(3) Cp,n+1(X) is a LindelöfΣ-space only for even n ∈ ω;
(4) for any n ∈ ω the space Cp,n+1(X) is not a LindelöfΣ-space.
Problem 47 formulated in [1] has a second part, in which it is asked whether
υ(CpCp(X)) is a Lindelöf Σ-space when so is υ(Cp(X)). We give a positive answer
for normal spaces X.
The last result gives a positive solution to Problem 69 from [1]. Recall that ω1 is a caliber
of a space X if any point-countable family of nonempty open subsets of X is countable.
Arhangel’skiı˘ asked in [1, Problem 69] whether or not every space X for which ω1 is a
caliber and Cp(X) is LindelöfΣ has a countable network. In the same paper Arhangel’skiı˘
proves that this is so under Martin’s Axiom and the negation of CH. We prove that the
answer is positive in ZFC.
1. Notation and terminology
All spaces under consideration are supposed to be Tychonoff. For a space X, the family
τ (X) is its topology. If A⊂X, then
τ (A,X)= {U ∈ τ (X): A⊂U}.
By υX we denote the Hewitt realcompactification of the space X. A function f :X→ R
is called ω-continuous if f |A is continuous for every countable A ⊂ X. The function
f is called strictly ω-continuous if, for any countable A ⊂ X, there exists a continuous
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g :X→ R such that g|A = f |A. A subset Y ⊂ X is C∗-embedded in X if, for every
continuous bounded f :Y → R, there exists a g ∈ Cp(X) such that g|Y = f . We will
often abuse notation and write CpCp(X) instead of Cp(Cp(X)).
We use the Russian term condensation for a continuous bijection. The symbol 
indicates the end of a proof. We write X ' Y to denote that the spaces X and Y are
homeomorphic. If a space Y can be embedded into a Cp(X) for some compact X, then
Y is called an Eberlein–Grothendieck space. We say that ω1 is a caliber for a space X if
any point countable family of nonempty open subsets of X is countable. A family N of
(not necessarily open) subsets of a space X is called a network if, for every U ∈ τ (X),
there is anM⊂N such that ⋃M= U . The network weight nw(X) of a space X is the
least cardinal κ such that X has a network of cardinality κ . A space X is monolithic if
nw(A) 6 |A| for any A⊂ X. The tightness of a space X is less than or equal to κ if, for
any A⊂X, we have
A=
⋃{
B: B ⊂A and |B|6 κ}.
All other notions are standard and follow [4].
2. Lindelöf Σ-property in iterated function spaces
First, we are going to establish that, if Cp(X) is a LindelöfΣ-space, then all Cp,2n+1(X)
are LindelöfΣ-spaces. To this end we develop some technique of tampering with υX and
the Lindelöf Σ-property in iterated Cp(X). Let us first state some well-known facts about
Lindelöf Σ-spaces and Hewitt realcompactifications in Cp(X) (see [1] and [5] for the
details).
Facts 2.0.
(1) A space Z is Lindelöf Σ if and only if there is a family L= {Fn: n ∈ ω} of subsets
of Z and a cover γ of Z by compact subsets of Z such that, for any K ∈ γ and any
U ∈ τ (K,Z), there is an n ∈ ω for which K ⊂ Sn ⊂U .
(2) Given a space X, the Hewitt realcompactification of Cp(X) can be identified with
the set of strictly ω-continuous functions on X with the topology inherited from RX .
(3) For a normal space X, a function f :X→ R is ω-continuous if and only if it is
strictly ω-continuous.
Proposition 2.1. Suppose that Cp(X) is a normal space. Then υ(CpCp(X)) is homeo-
morphic to CpCp(υX).
Proof. Let pi :Cp(υX)→ Cp(X) be the restriction map, i.e., pi(f ) = f |X for every
f ∈Cp(υX). Since X is dense and C-embedded in υX, the map pi is a condensation.
Take any continuousϕ :Cp(υX)→R. Observe that the map Γ (ϕ)= ϕ◦pi−1 :Cp(X)→
R is ω-continuous. Indeed, for any countableA⊂ Cp(X), the map pi |pi−1(A) :pi−1(A)→A
is a homeomorphism [7]. Therefore the map Γ (ϕ)|A is continuous. Using Fact 2.0(3)
we can conclude that Γ (ϕ) is strictly ω-continuous for every ϕ ∈ CpCp(υX). The map
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Γ :CpCp(υX)→ RCp(X) is a homeomorphism and the observation made above together





Since CpCp(υX) is a realcompact space [2, Corollary II.4.25], we conclude that
Γ (CpCp(υX))= υ(CpCp(X)). 2
Corollary 2.2. If Cp,2n+1(X) is normal for some n ∈ ω, then υ(Cp,2n+2(X)) is
homeomorphic to Cp,2n+2(υX).
Proof. Proposition 2.1 implies that our assertion is true for n = 0. Suppose that we
proved it for n = k and consider a space X for which Cp,2k+3(X) is normal. Then
Cp,2k+1(X) is normal, because Cp,2k+1(X) embeds as a closed subspace into Cp,2k+3(X).
Since our statement holds for n = k, and Cp(Y ) = Cp,2k+3(X) is normal, we can apply





which completes the inductive step. 2
Theorem 2.3. Let Cp(X) be a Lindelöf Σ-space. Then Cp(υX) is a Lindelöf Σ-space.
Proof. Take a compact cover γ of the space Cp(X) and a family L= {Sn: n ∈ ω} which
witness that Cp(X) is a LindelöfΣ-space (see Fact 2.0(1)). Consider the families
γ ′ = {K ′ = pi−1(K): K ∈ γ } and L′ = {S′n = pi−1(Sn): n ∈ ω},
where pi is the restriction map defined in Proposition 2.1. Let us prove that the families γ ′
and L′ satisfy the conditions required for Cp(υX) to be a Lindelöf Σ-space.
First, observe that K ′ is a countably compact space for any K ∈ γ , because pi is a
homeomorphism on countable sets. Since υX is a Lindelöf Σ-space [6], it is possible to
apply a theorem of Baturov [3] which says that, for a LindelöfΣ-space Z, a subspace Y of
Cp(Z) is Lindelöf if and only if ext(Y )= ω. In particular, any countably compact subset
of Cp(Z) is compact. This proves that K ′ is compact.
Take any W ∈ τ (K ′,Cp(υX)). Let S ′ = {S′nk : k ∈ ω} be the set of all elements of L′
that containK ′. If W contains no element of S ′, then there exists an fk ∈ S′nk\W for every
k ∈ ω. Let gk = pi(fk) for all k ∈ ω. Clearly, S = {Snk : k ∈ ω} consists of all elements
of L that contain K . Therefore {gk: k ∈ ω} ∩ K 6= ∅. Take a g ∈ {gk: k ∈ ω} ∩K . Then
g′ = pi−1(g) ∈ {fk : k ∈ ω}, because the restriction of pi to the set {g′} ∪ {fk: k ∈ ω} is a
homeomorphism. As a consequence {fk: k ∈ ω}∩K ′ 6= ∅, which contradicts the inclusions
{fk: k ∈ ω} ⊂ Cp(υX)\W and K ′ ⊂W . Thus K ′ ⊂ Snk ⊂W for some k, and Cp(υX) is
a Lindelöf Σ-space. 2
Corollary 2.4. If Cp(X) is a Lindelöf Σ-space, then Cp,n(υX) is a Lindelöf Σ-space for
every natural n.
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Proof. Okunev proved [6] that, if Cp(X) is a Lindelöf Σ-space, then so is υX. Another
result of Okunev [5–8] says that, if Cp(Y ) and Y are Lindelöf Σ-spaces, then Cp,n(Y ) is
a Lindelöf Σ-space for each n ∈ ω. Applying it to Y = υX completes the proof. 2
Theorem 2.5. If Cp(X) is a Lindelöf Σ-space, then Cp,2n+1(X) is a Lindelöf Σ-space
for every n ∈ ω.
Proof. Corollary 2.4 implies that Cp,2n+1(υX) is a Lindelöf Σ-space; so, it is sufficient
to show that Cp,2n+1(υX) can be mapped onto Cp,2n+1(X). We are going to prove by
induction on n that, for every n ∈ ω, there exists a condensation pin of Cp,2n+1(υX) onto
Cp,2n+1(X). Let pi0 = pi :Cp(υX)→ Cp(X) (see Proposition 2.1).
Suppose that there exists a condensation
pik :Cp,2k+1(υX)→ Cp,2k+1(X).
Then the space Cp,2k+1(X) is Lindelöf and hence normal. By Corollary 2.2 the
spaces Cp,2k+2(υX) and υ(Cp,2k+2(X)) are homeomorphic. Therefore there exists a






The desired condensation of Cp,2k+3(υX) onto Cp,2k+3(X) is pik+1 = ρ ◦ h. 2
In [1, Problem 47] Arhangel’skiı˘ asked whether υ(CpCp(X)) is Lindelöf Σ if Cp(X)
is Lindelöf Σ . The following statement gives a positive answer to this question in a much
stronger form.
Corollary 2.6. If Cp(X) is a Lindelöf Σ-space, then υ(Cp,2n(X)) is a Lindelöf Σ-space
for every n ∈ ω.
Proof. Indeed, we have υ(Cp,2n(X)) ' Cp,2n(υX) according to Corollary 2.2 and
Theorem 2.5. Now apply Corollary 2.4. 2
Corollary 2.7. If CpCp(X) is a Lindelöf Σ-space, then Cp,2n(X) is a Lindelöf Σ-space
for every natural n.
Corollary 2.8.
(1) If Cp,2k+1(X) is a Lindelöf Σ-space for some natural k, then Cp,2n+1(X) is a
Lindelöf Σ-space for any n ∈ ω.
(2) If Cp,2k+2(X) is a Lindelöf Σ-space for some k ∈ ω, then Cp,2n(X) is a Lindelöf
Σ-space for each natural n.
Proof. Observe that the spaces Cp(X) and CpCp(X) embed as closed subspaces into
Cp,2k+1(X) and Cp,2k+2(X), respectively. Theorem 2.5 and Corollary 2.7 do the rest. 2
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Examples 2.9.
(1) There exists a non-Lindelöf space X such that Cp,2n+1(X) is a Lindelöf Σ-space
for every natural n and therefore no Cp,2n(X) is Lindelöf.
(2) There exists a space Y such that Cp,2n(Y ) is a Lindelöf Σ-space for every natural
n, while no Cp,2n+1(Y ) is Lindelöf.
Proof. (1) Reznichenko constructed a compact space K such that Cp(K) is Lindelöf Σ
and K is the Stone– ˇCech compactification of X =K\{z} for some z ∈K . The space X is
pseudocompact and noncompact and Cp(X) is a continuous image of Cp(K). Therefore
Cp(X) is a LindelöfΣ-space. Theorem 2.5 implies that Cp,2n+1(X) is a LindelöfΣ-space
for all natural n. Being pseudocompact and noncompact the space X is not Lindelöf which
proves (1).
(2) We use a slightly different version of the example, constructed by Okunev in [8].
Let D be the set {0,1} with the discrete topology, σ = {x ∈ Dω1 : x−1(1) is finite}, and
x1(α) = 1 for all α ∈ ω1. The promised space is the set Y = σ ∪ {x1} with the topology
inherited fromDω1 . The spaceCp(Y ) is not even realcompact, because the function f such
that f (x1)= 1 and f |σ ≡ 0 is strictly ω-continuous and discontinuous (see [8] for details).
Thus, it suffices to prove that CpCp(Y ) is a LindelöfΣ-space.
Since Cp(υ(Cp(Y ))) condenses onto CpCp(Y ), it is sufficient (and necessary by
Theorem 2.3) to establish that Cp(υ(Cp(Y ))) is a Lindelöf Σ-space. To do this, we first
clarify the structure of υ(Cp(Y )).
Take any ω-continuous function f :Y → R. Since σ is a Fréchet–Urysohn space, the
restriction of f to σ is continuous. On the other hand, if f ∈ RY and f |σ is continuous,
then f is strictly ω-continuous on Y , because the closure of any countable subset of σ is




)' Cp(σ)×R= Cp(σ ⊕ {x1}).
Note that σ ⊕ {x1} is a σ -compact Eberlein–Grothendieck space. Therefore we can
apply [5, Corollary 2.5] to conclude that Cp(σ ⊕ {x1}) is a Lindelöf Σ-space. Since Z =
σ⊕{x1} is a LindelöfΣ-space, [5, Theorem 2.12] implies thatCp(υ(Cp(Y )))' CpCp(Z)
is a Lindelöf Σ-space. 2
Corollary 2.10. Only the following distributions of the Lindelöf Σ-property in iterated
function spaces are possible:
(1) Cp,n+1(X) are Lindelöf Σ-spaces for all n ∈ ω;
(2) no Cp,n+1(X) is a Lindelöf Σ-space for n ∈ ω;
(3) only Cp,n+1(X) with even n ∈ ω are Lindelöf Σ-spaces;
(4) only Cp,n+1(X) with odd n ∈ ω are Lindelöf Σ-spaces.
Proof. For any X with a countable network, every Cp,n(X) is a Lindelöf Σ-space, which
proves that distribution (1) can take place.
If X is a discrete space of cardinality ω1, then every Cp,n(X) is a realcompact space.
SinceCp(X)'Rω1 is not a LindelöfΣ-space, [1, Corollary 7.15] implies that no Cp,n(X)
is a LindelöfΣ-space. This shows that distribution (2) can occur. Distributions (3) and (4)
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are exemplified by Examples 2.9(1) and 2.9(2). Apply Corollary 2.8 to see that our list of
distributions of the Lindelöf Σ-property is complete. 2
In the second part of Problem 47 of the paper [1] Arhangel’skiı˘ asks whether
υ(CpCp(X)) is a Lindelöf Σ-space when υ(Cp(X)) is a Lindelöf Σ-space. We can now
give a positive answer to this question for normal X. We need the following statement
which was proved in stronger form in [7].
Proposition 2.11 [7]. For any normal space X there exists a space X˜ such that υ(Cp(X))
is homeomorphic to Cp(X˜).
Example 2.12. It is not true that, for every space X, there exists a space Y such that
Cp(Y )' υ(Cp(X)).
Proof. There exists a pseudocompact nonmetrizable space X such that Cp(X) is σ -
pseudocompact [11]. Therefore υ(Cp(X)) is σ -compact. If there were a space Y with
Cp(Y ) homeomorphic to υ(Cp(X)), then Y would have to be finite [9] and υ(Cp(X))
metrizable. This would imply metrizability of Cp(X) and countability of X. Since every
countable pseudocompact space is metrizable, we obtain a contradiction. 2
The following theorem gives a positive answer to the second part of Problem 47 from [1]
for a normal space X.
Theorem 2.13. Suppose that X is a normal space. If υ(Cp(X)) is a Lindelöf Σ-space,
then υ(CpCp(X)) is a Lindelöf Σ-space.
Proof. Using Proposition 2.11, take a space X˜ such that Cp(X˜) is homeomorphic to
υ(Cp(X)). Then CpCp(X˜) is homeomorphic to Cp(υ(Cp(X))). Since the restriction pi
continuously maps Cp(υ(Cp(X))) onto CpCp(X), we can conclude that there exists a
continuous map δ of CpCp(X˜) onto CpCp(X).
Corollary 2.6 implies that υ(CpCp(X˜)) is a Lindelöf Σ-space, because Cp(X˜) is
Lindelöf Σ . There exists an extension δ˜ :υ(CpCp(X˜))→ υ(CpCp(X)) of the map δ.
The space υ(CpCp(X˜)) is Lindelöf Σ ; hence δ˜(υ(CpCp(X˜))) is a dense Lindelöf Σ-
subspace of υ(CpCp(X)) containing CpCp(X). Each Lindelöf space is realcompact,
so δ˜(υ(CpCp(X˜))) = υ(CpCp(X)), which implies that υ(CpCp(X)) is a Lindelöf Σ-
space. 2
Corollary 2.14. If X is a realcompact space and υ(Cp(X)) is Lindelöf Σ , then
υ(CpCp(X)) is a Lindelöf Σ-space.
Proof. Arhangel’skiı˘ proved [2, Theorem IV.9.5] that υX is a Lindelöf Σ-space if so is
υ(Cp(X)). Hence X = υX is normal, and Theorem 2.13 applies. 2
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The following theorem solves Problem 69 from [1] and is a ZFC version of the same
result proved by Arhangel’skiı˘ under MA+¬CH.
Theorem 2.15. Suppose that ω1 is a caliber of a spaceX. If Cp(X) is a LindelöfΣ-space,
then the network weight of X is countable. Of course, the converse is also true.
Proof. Let Y = υX. Then Y is a LindelöfΣ-space and, since X is dense in Y , the cardinal
ω1 is a caliber for Y . It follows from Theorem 2.3 that Cp(Y ) is a Lindelöf Σ-space.
Therefore the space Y satisfies the hypotheses of our theorem being at the same time a
Lindelöf Σ-space. Of course, it is sufficient to prove that Y has a countable network. Let
us take to it.
Since Cp(Y ) is a monolithic space, it suffices to establish that it is separable. Suppose
not. Then Cp(Y ) has a left-separated subspace S = {fα : α < ω1}. Denote the diagonal
product of the elements of S by ϕ. Then the weight of the space Z = ϕ(Y ) does not
exceed ω1. Let τ denote the strongest Tychonoff topology on Z with respect to which ϕ
is continuous. Clearly, τ is finer than the topology of Z and, for the space T = (Z, τ ), the
identity map id :T → Z is a condensation. The map ψ = ϕ ◦ id−1 :Y → T is R-quotient
(see [2, Proposition 0.4.9]).
Next, T is a Lindelöf Σ-space being a continuous image of Y . Since every Lindelöf
Σ-space is stable [2, Corollary II.6.27] and T condenses onto Z, whose weight is ω1, we
have nw(T )6 ω1. Define a map ψ∗ :Cp(T )→ Cp(Y ) by ψ∗(f )= f ◦ψ . Since ψ is R-
quotient, the map ψ∗ is an embedding and ψ∗(Cp(T )) is a closed subspace of Cp(Y ) [2,
Proposition 0.4.10].
Observe that the space T also satisfies the hypothesis of our theorem. Indeed, it is
Lindelöf Σ and has caliber ω1 because both these properties are preserved by continuous
maps. Besides, Cp(T ) is a LindelöfΣ-space being homeomorphic to a closed subspace of
the Lindelöf Σ-space Cp(Y ). Note also that the uncountable left-separated subspace S is
contained in ψ∗(Cp(T )). Therefore nw(T )= ω1. Since Cp(T ) is a Lindelöf Σ-space, T
is monolithic and has countable tightness.
The density of T does not exceed nw(T )= ω1. Let {tα: α < ω1} be a dense subset of T .
Denote the set {tβ : β < α} by Tα . Then T =⋃{Tα: α < ω1} because the tightness of T
is countable. Each Tα has countable network as a separable subspace of the monolithic
space T . This implies that Uα = T \Tα 6= ∅ for any α < ω1 because otherwise the network
of T would be countable. But then {Uα: α < ω1} is an uncountable point-countable family
of nonempty open subsets of T , which contradicts the fact that ω1 is a caliber of T . 2
3. Unsolved problems
I failed to solve the second part of Problem 47 of [1] in full generality. My suspicion
is that a counterexample could be any pseudocompact space X for which Cp(X) is σ -
pseudocompact. So, the first question is as follows.
Problem 3.1. Suppose that X is a pseudocompact space such that every countable subset
of X is closed and C∗-embedded. Is it true that υ(CpCp(X)) is a LindelöfΣ-space?
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Problem 3.2. Suppose that X is a pseudocompact space such that every countable subset
of X is closed and C∗-embedded. Is it true that υ(CpCp(X)) is homeomorphic to
CpCp(υX)?
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